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Abstract 
The paper presents a description and analysis of a certain method of mirror functions (MMF), firstly introduced by Prof. Yu. 
Radtsig and later developed by Prof. I. Kholopov and the others. This method was introduced to optimize the use of lattice 
girders in buildings and other structures roofing. Optimal design of spatial bar structures and optimal design of lattice girders are 
in many ways similar. The research shows that the method of mirror functions can also be used while designing pre-stressed 
spatial bar structures. The authors present test calculations of using MMF in optimal design of pre-stressed spatial structures. 
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Nomenclature 
V   statically indeterminate girder volume 
Nip   forces in the main system from the external load 
Ni1   forces in the main system from X = 1 
X   unknown force in the redundant member 
Ni   full force in the ith element 
Ri   design resistance of the ith bar 
li    length of the ith bar 
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ɐx   stress in the “redundant” member 
Fx   cross-section area of the “redundant” member 
Nx   force in the “redundant” member 
A   total potential energy of all the bars girders 
E = 2.06·105MPa  elasticity modulus of the “rigid part” of the bars structure 
Ea = 2.06·105MPa   elasticity modulus of brace  
R = Ry = 240 MPa  design resistance of the bars’ “rigid part”  
X1   unknown force for the most rigid derivative girder 
X2   unknown force for the most lightweight derivative girder  
Ƚi   auxiliary coefficient 
Ra = 240 MPa   design resistance of brace 
N0ip   force in the most lightweight derivative girder 
N0i1   force in the main system from X0 = 1 
ɐm   mean stress 
1. Introduction 
It is possible to reduce materials consumption to manufacture building structures without prejudicing the safety 
and reliability of buildings and structures by using the optimal design theory [1-7]. In the optimal design theory 
there is a known method - the method of mirror functions (MMF) [8]. This method uses two recording forms of 
operational equations: 
1y x a  ,  (1)
 2
x a
y
x a
  .  (2)
 The first and second equations are the mirror and the mirror-mixed forms. MMF has been tested and proven for a 
wide range of optimization problems for building structures [8-13]. With its help, such structures as girders, 
including the pre-stressed have been optimized. 
Ya. I. Olkov and I.S. Holopov have made a significant contribution to the development of this theory. Professor 
I.S.Holopov has developed the theory of nonlinear modular forms [8, 12] and suggested the optimization method of 
bar systems. The method, suggested by I.S. Holopov, and MMF were used by the authors and their students to 
optimize plane grids. 
Modern construction is increasingly using the complex spatial structures for buildings roofing, including bar 
structures [17-25]. In contrast to the plane roofing structures, such as girders, spatial structures differ because of their 
more complex calculation, design and manufacture. The problem of spatial structures consisting of bars is connected 
with the complexity of combining a large number of elements in a single node. The complexity of spatial structures in 
comparison with the plane design is reflected on the increasing complexity of optimal design methods applicable to them. 
The issues of the optimal design of spatial bar structures are similar to the plane girders optimum design. At the same 
time optimization methods approved for the plane girders can’t always be directly applied to optimize spatial structures. 
MMF has a versatility that allows us to hope for its successful application when optimizing spatial bar structures. 
The authors of this paper have set a goal to test the possibility of using MMF to optimize spatial bar structures. 
To achieve this goal, the authors have carried out studies of pre-stressed structural roofing design mass and 
optimization of the mass structure using MMF. 
Gable roof with braces was chosen as an object of the study (Fig. 1). “Rigid part” and “flexible part” elements 
were conventionally selected. Elements of the "rigid part" are the bars constituting structural plates, and "flexible 
elements" are braces. Overall dimensions of the object are 30x30m. The construction represents two-grid hinge 
plates connected with each other. The gradient is 5%. Structural plates have orthogonal grid zones with cells 6x6 m. 
The support of the structure was taken by the corners in the upper structure nodes.  
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To achieve this goal we used the following methods: the finite element method (FEM), the method of mirror 
function (MMF), the method of iterative recalculations (MIR). The first method determined forces in the elements of 
the object. The second and third methods were used to optimize the criterion of the minimum amount of material. 
 
 
Fig. 1. Spatial bar structure scheme. 
When conducting the study, the following assumptions and limitations were taken: 
x Steel is the material for all the elements of the structure; 
x Steel elements of the "rigid parts" are the same for all bars. Steel characteristics of the "flexible part" may differ 
from steel of the "rigid part"; 
x When optimizing the object not only the volume of the bar element was taken into account. Here we haven’t 
considered the design, features and amount of material that falls on the nodal connection of the bar elements; 
x Determination of internal forces in the elements was performed on a computer using a software package with FEM; 
x The problem was solved in the continuum formulation, that is, the integral values of the geometric characteristics 
of the elements sections without reference to a discrete assortment were used in the calculations. Thus to perform 
the calculations for the bar elements resistance, the approximate relationship between the known area and the 
radius of inertia typical for the tubular element section were used; 
x As the external force action the load of 3 kN / m2 was adopted; 
x The influence of inherent rigidity on forces distribution wasn’t taken into account. Fixing the structure was taken 
as external statically determinate. The boundary conditions corresponding to the specified design situation are 
shown in Fig. 1; 
To achieve the aim, the following tasks have been solved: 
x Correct transition from spatial structure to an equivalent plane girder was made; 
x For the equivalent plane girder the forces in the elements were determined and the volume optimization using 
MMF was made; 
x The calculation model was made in LIRA-SAPR (LLC «LIRA soft», Moscow) [15, 25]; 
x The check of the obtained optimal solution was performed by testing calculation of spatial calculation model in 
LIRA-SAPR for the structure with parameters defined for the equivalent plane girder using MMF; 
x The conclusions about the applicability of MMF to optimize spatial bar structures were made.  
The transition from the spatial structure to the plane equivalent girder was made due to the compliance principle 
based on the similarity to the lattice. Forces in the plane girder elements were defined as the total force in the 
corresponding group of elements of the spatial model [14]. 
2. Optimization sample of the plane girder using MMF 
Here are the results of the equivalent plane girder calculations according to MMF. 
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The problems of finding the minimum volume of the plane girder, determining the optimal self-tension force of 
the brace were solved I.S. Kholopov and Ya.I. Olkova using MMF in their works [11 - 13]. According to these 
studies, the volume of statically indeterminate girder is written in the mirror form:  
1
i i i
ip i
i i
l N l
V N N X
R R
    ¦ ¦ .  (3) 
A method of minimizing the function is called mirror and it was offered by Yu. A. Radtsig. The minimum occurs 
when a value of the unknown X, when there is one of the components that is, the force in one of the bars (Nip + 
Ni1·X) vanishes. The most lightweight obtained derivative girder in this farm is not equivalent to the statically 
determinate, as it operates the connection where there must be compatibility condition of deformations expressed in 
terms of canonical equation. 
0i i i x xN R l bV    ¦ .   (4) 
Although the force Nx = Fx·σx tends to zero, when ܨ௫ ื Ͳ, stress, ߪ௫ ് Ͳ. 
The total potential energy of all the girders’ bars 
 1
1 2
n ip i i i
i i
N N x R l
A
E 
   ¦ .   (5) 
Changing the initial stresses in the bars when applying materials of different strength (steels or alloys) in one 
structure is produced by multiplying the calculated resistance by variation coefficient of stress: 
i i iRV P  .   (6) 
The minimum volume of statically indeterminate pre-stressed girder is gained under deformations in a 
brace, corresponding to the elastic moduli equality of the "rigid part" E and the elasticity modulus of the brace Ea. 
As a rule, high-strength braces made of ropes have the elasticity modulus of Ea.≤ E. In this case, deformations 
corresponding to Ea.= E, we can obtain by additional pre-stressed force in the brace. The magnitude of the potential 
energy of the most rigid girder will be: 
  '1
1 1
2
n n
ip i i i i i i
i i
E A N N x R l N R l min
  
          ¦ ¦ .  (7) 
The potential energy of the most lightweight girder which was led to the level of the most rigid one is written as:  
 1 1 1 1
1
2
n
ip i i i i n n
i
E A N N X R l constP E P E P
 
          }   ¦ . (8)
 The auxiliary coefficient here is: 
 1 1
1
n
i ip i i i
i
N N X R lE
 
    ¦ .  (9) 
The value of 2·E·A = const corresponds to the energy level of the most rigid girder. The volume of the most 
lightweight weight girder after changing stresses using Ɋ coefficients must have a minimum increment:  
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 The auxiliary coefficient 
1 i
i
i
N l
R
D  .  (11)
  
 
Fig. 2. Plane girder scheme. 
The equal stress condition reduces the volume and potential energy minimization to the mirror form 
minimization: 
 1 1
1
2 n
m ip i i
im
E AV N N X lV V  
      ¦ ,  (12)
 
where the equal stress condition is: 
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2
m i i
i i
E AR const
N l
V P      ¦ .  (13) 
Considering conditions for transporting and providing the rigidity of the girder during pre-stress, there is a 
necessity to install the real bar with utmost flexibility according to the existing building codes and corresponding to 
the real cross-sectional area instead of a zero bar. Since the "zero" bar has the stress ɐm, there the force arises:  
0 0mX FV  .  (14)
 
Then full force in other elements of the girder is defined by the following expression: 
0 0 0 0
1 0 1 1 0i ip i ip i iN N N X N N X N X        ,  (15)
 
where ௜ܰ௣଴  – force in the most lightweight derivative girder; 
௜ܰଵ଴  – force from X0 = 1 in the main system, formed by removing the zero bar. 
As a result of the calculations performed using the provided method we can get the real optimal forces, which can 
provide resistance of the compressed and strength of the stretched bars, and the compatibility condition of 
deformations using the proper selection of materials, cross-sectional shapes, spaces and flexibilities.  
To solve the task of structural optimization given in the Fig. 1, we will need a girder with the length of 30 m. 
(Fig. 2). To do this, we select the part of load attributed to a single brace with the corresponding cargo area. As a 
starting material of all the bars and brace we take steel C245 the module of elasticity Ea and calculated resistance Ra. 
We determine the optimal self-tension force in the brace. 
We make the volumetric mirror form and determine the bar, where the force V→ Vmin tends to zero. We assume 
the volumetric mirror form by placing in an increasing roots order (we consider the girder to be of equal stress; 
temporarily we don’t consider the stability condition). The calculation is given in the tabular form (Table 1). 
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             
              
   .328 602.16 0.317 2591.4 1.272 773.8 0.317
2143.8 0.858 1461.0 0.426
X X X X
X X
           
       
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We minimize this form: 


0.5 0.5 26.75 6.204 0.317 6.636 7.062 3.819 7.584 0.088 0.317 0.307
0.328 0.307 1.692 0.328 0.317 1.272 0.317 0.858 0.426 32.47
ib            
          
¦
 
 (17)
 
1 2 32.95 0.5 ib b b  ! ¦ .  (18)
 
Minimum occurs when X = 0. The brace degenerates. The obtained result shows that the problem thus stated 
using the brace with ܴ௔ ൌ ܴ is inappropriate. There is a need to increase the strength of the brace or to decrease the 
strength of the main bars. We change the brace material into steel C375 with resistance Ra = 345 MPa, then R/Ra = 
1/1.44. We make a new mirror form of the volume (19) and then minimize this form (20): 
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1031.4 6.204 81.1 0.317 1835.4 6.636 2409.0 7.062
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26.750.5 0.5 6.204 0.317 6.636 7.062 3.819 7.584 0.088 0.317 0.307
1.44
0.328 0.307 1.692 0.328 0.317 1.272 0.317 0.858 0.426 28.38.
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§            ©¨
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       Table 1. Modular volume forms of the girders elements. 
№ 
element 
The number 
of elements 
Np, 
kN N1 
l, 
m (Np + N1·X)·l |(Np + N1·X)·l| 
Root volume 
form 
1 2 -92.01 0.000 3 2·3·(-92.01+0.000·X) |-552.06| - 
2 2 -243.5 0.071 3 2·3·(-243.5+0.071·X) |-1461.0+0.426·X| 3429.6 
3 2 -357.3 0.143 3 2·3·(-357.3+0.143·X) |-2143.8+0.858·X| 2498.6 
4 2 -431.9 0.212 3 2·3·(-431.9+0.212·X) |-2591.4+1.272·X| 2037.3 
5 2 -468.8 0.282 3 2·3·(-468.8+0.282·X) |-2812.8+1.692·X| 1662.4 
6 2 171.9 -1.034 3 2·3·(171.9-1.034·X) |1031.4-6.204·X| 166.2 
7 2 305.9 -1.106 3 2·3·(305.9-1.106·X) |1835.4-6.636·X| 276.6 
8 2 401.5 -1.177 3 2·3·(401.5-1.177·X) |2409.0-7.062·X| 341.1 
9 2 458.5 -1.264 3 2·3·(458.5-1.264·X) |2752.8-7.584·X| 363.0 
10 1 462.0 -1.273 3 1·3·(462.0-1.273·X) |1368.0-3.819·X| 358.2 
11 2 148.8 0.000 2.6 2·2.6·(148.8+0.000·X) |773.8| - 
12 2 -148.8 0.061 2.6 2·2.6·(-148.8+0.061·X) |-773.8+0.317·X| 2441.0 
13 2 115.8 -0.061 2.6 2·2.6·(115.8-0.061·X) |602.16-0.317·X| 1899.6 
14 2 -116.3 0.063 2.6 2·2.6·(-116.3+0.063·X) |-604.8+0.328·X| 1843.0 
15 2 83.2 -0.063 2.6 2·2.6·(83.2-0.063·X) |432.6-0.328·X| 1318.9 
16 2 -82.2 0.059 2.6 2·2.6·(-82.2+0.059·X) |-427.4+0.307·X| 1392.2 
17 2 49.0 -0.059 2.6 2·2.6·(49.0-0.059·X) |254.8-0.307·X| 830.0 
18 2 -49.7 0.061 2.6 2·2.6·(-49.7+0.061·X) |-258.44+0.317·X| 815.3 
19 2 15.6 -0.061 2.6 2·2.6·(15.6-0.061·X) |81.1-0.317·X| 255.6 
20 2 11.9 -0.017 2.6 2·2.6·(11.9-0.017·X) |61.88-0.088·X| 703.18 
21 1 0.0 1 26.75 1·26.75·(0.0+1·X) |26.75·X| 0 
1 2 3 4 31.73 0.5 ib b b b b    ! ¦   (21)
 1 2 3 25.1 0.5 ib b b b    ¦   (22)
 
Minimum occurs when the force in the bar No.19 tends to zero, that is when X = 255.6 kN. We check the 
compatibility condition of deformation due to the given calculated resistance:  
4.43x y yR RV   ! .  (23)
 
We need to change the stress in the bars. In order to find the minimum potential energy of the most rigid girder, 
we refer to the mirror form of the potential energy and write it down in an increasing order of the roots.  
Due to the theorem proved by I.S. Holopov in his work [13], the minimum volume of statically indeterminate 
pre-stressed girder is gained when there are deformations in a brace corresponding to the equality of the moduli of 
elasticity of the rigid part E and the brace elastic modulus Ea Assuming the presence of strain and stress, 
corresponding to the condition of equality of the modulus of elasticity of all bars, we have the expression 
corresponding to the potential energy of the most rigid girder: 
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 The minimum volume of the girder we seek taking into account provision of the overall stability of the 
compressed elements. To ensure the integration of stability in terms of the mirror form, we introduce the minimum 
value φ = 0.45, corresponding to the limit flexibility in the compressed bars [λ] = 120, adopted in the existing 
building codes of Russia. The calculation is presented below in a tabular form (Table 2). 
Table 2. Modular volume forms of the girders elements taking into account stability 
№ element (Np + N1·X)·l φ |(Np + N1·X)·l|·φ Root volume form 
1 |-552.06| 0.42 |-552.06| - 
2 |-1461.0+0.426·X| 0.42 |-613.6+0.179·X| 3427.9 
3 |-2143.8+0.858·X| 0.42 |-900.4+0.360·X| 2501.1 
4 |-2591.4+1.272·X| 0.42 |-1088.4+0.534·X| 2038.2 
5 |-2812.8+1.692·X| 0.42 |-1181.4+0.711·X| 1661.6 
6 |1031.4-6.204·X| - |1031.4-6.204·X| 166.2 
7 |1835.4-6.636·X| - |1835.4-6.636·X| 276.6 
8 |2409.0-7.062·X| - |2409.0-7.062·X| 341.1 
9 |2752.8-7.584·X| - |2752.8-7.584·X| 363.0 
10 |1368.0-3.819·X| - |1368.0-3.819·X| 358.2 
11 |773.8| - |773.8| - 
12 |-773.8+0.317·X| 0.42 |-325.0+0.133·X| 1443.6 
13 |602.16-0.317·X| - |602.16-0.317·X| 1899.6 
14 |-604.8+0.328·X| 0.42 |-254.0+0.138·X| 1840.6 
15 |432.6-0.328·X| - |432.6-0.328·X| 1318.9 
16 |-427.4+0.307·X| 0.42 |-179.5+0.129·X| 1391.5 
17 |254.8-0.307·X| - |254.8-0.307·X| 830.0 
18 |-258.44+0.317·X| 0.42 |-108.5+0.133·X| 815.8 
19 |81.1-0.317·X| - |81.1-0.317·X| 255.6 
20 |61.88-0.088·X| - |61.88-0.088·X| 703.2 
21 26.751.44
X  - |18.58·X| 0 
 
We write down the mirror form of the potential energy in the increasing order of the volumetric forms roots: 
2 18.58 1031.4 6.204 81.1 0.317 1835.4 6.636 2409.0 7.062
1368.0 3.819 2752.8 7.584 61.88 0.088 108.5 0.133
254.8 0.307 432.6 0.328 179.5 0.129 1181.4 0.711
254.0
E A X X X X X
R
X X X X
X X X X
                
             
              
  0.138 602.16 0.317 1088.4 0.534 325.0 0.133
900.4 0.360 613.6 0.179 .
X X X X
X X
             
       
 (25)
 
We minimize this form: 


0.5 0.5 18.58 6.204 0.317 6.636 7.062 3.819 7.584 0.088 0.133 0.307
0.328 0.129 0.711 0.138 0.317 0.534 0.133 0360 0.179 26.78,
ib            
         
¦  (26)
 
1 2 3 4 31.74 0.5 ib b b b b    ! ¦ ,  (27)
 1 2 3 25.10 0.5 ib b b b    ¦ .  (28)
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The minimum occurs when the force in bar No. 19 tends to zero that is, when ܺ ൌ ʹͷͷǤ͸ KN. The condition of 
the minimum volume for the bar No.19 coincides with the condition of minimum energy. The lowest value of the 
potential energy is:  
2 5057.5 657.7 0.0 29.1 486.7 328.5 688.4 37.9
72.3 171.2 343.3 144.4 987.9 216.4
515.9 943.0 288.8 802.4 564.9 12366.3.
E A
R
           
          
          
 (29)
 
The average stress in the equal stress girder of the minimum volume: 
12366.3 12366.3 0.791
17887.7i i i
R R R
N l
V     ¦ .  (30)
 The required optimal diameter of the brace will be: 
3
3 3 3
32 6
3 3
4 4 4 211.9 100.791 37.7
0.791 3.14 0.791 240 10
N N NR D
A RD SS
               mm. (31)
 The optimal condition of self-tension and optimal force of pre-stress for spatial bar structures were taken as equal 
values, determined by MMF when optimizing plane equivalent girder. To confirm the correct execution of transition 
from the spatial model to the plane and the possibility of using MMF for spatial structures the solutions verification 
LIRA-SAPR was carried out. 
3. The verification of the obtained solution by FEM 
We set the optimal diameter of the brace in the model LIRA-SAPR. Then we performed the iterative process of 
the optimal selection of cross section basic elements of the spatial unit (excluding the section variation of the brace). 
The process consisted of static models calculation and optimization calculations for the selection of elements 
sections. The process was repeated until the weight of the structure became stable. The optimal force of the brace 
self-tension resulting from the numerical experiment is Na = 234,9 kN. 
4. Conclusions 
The error in determining self- tension force of the brace using MMF for the plane girder and using MIR with PC 
“LIRA” is following: 
234.9 255.6Δ 100% 8.81%
234.9
   .  (32)
 The calculated error gives the opportunity to conclude that when solving the task of spatial bar structures 
optimization, application of MMF with transition from spatial model to the plane girder is possible with a sufficient 
degree of reliability. 
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